Understanding notch-related failure is crucial for the design of reliable engineering structures. However, substantial controversies exist in the literature on the notch effect in bulk metallic glasses (BMGs), and the underlying physical mechanism responsible for the apparent confusion is still poorly understood. Here we investigate the physical origin of an inverse notch effect in a Zr-based metallic glass, where the tensile strength of the material is dramatically enhanced, rather than decreased (as expected from the stress concentration point of view), by introduction of a notch. Our experiments and molecular dynamics simulations show that the seemingly anomalous inverse notch effect is in fact caused by a transition in failure mechanism from shear banding at the notch tip to cavitation and void coalescence. Based on our theoretical analysis, the transition occurs as the stress triaxiality in the notched sample exceeds a material-dependent threshold value. Our results fill the gap in the current understanding of BMG strength and failure mechanism by resolving the conflicts on notch effects and may inspire re-interpretation of previous reports on BMG fracture toughness where pre-existing notches were routinely adopted.
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Introduction
Notch-related deformation and failure play a key role in the application of structural materials (Barenblatt, 1962; Bazant and Oh, 1983; Bazant, 1984; Bazant and Planas, 1998; Bilby et al., 1963; Dugdale, 1960; Huang et al., 2009; Suo et al., 1993; Tada et al., 1985) . In small scale materials, it has been well documented that failure does not need to occur at stress concentrators as the characteristic size of the defects falls below a critical value (Bonderer et al., 2008; Gao et al., 2003 Giesa et al., 2012; Gu et al., 2013; Kumar et al., 2009 Kumar et al., , 2011 Kumar et al., , 2013 Qin and Buehler, 2011; Sha et al., 2013; . In bulk materials, however, failure is usually made easier by stress concentration around crack-like notches (Bilby et al., 1963; Dugdale, 1960; Tada et al., 1985) . It is widely believed that the presence of notches leads to reduction in material strength.
Bulk metallic glasses (BMGs), a relatively new class of quasi-brittle materials, have attracted worldwide attention owing to their unique mechanical, physical and chemical properties (Ashby and Greer, 2006; Johnson, 1999) . For example, the strength of ferrous BMGs can be as high as 5 GPa (Inoue et al., 2003) . To date, BMGs with superior fracture toughness up to 80 MPa m 1/2 or even higher have been reported (Demetriou et al., 2011; He et al., 2012; Schroers and Johnson, 2004; Xu et al., 2010) , making them potential materials for structural applications. However, plastic deformation of BMGs under uniaxial tension tends to localize in a narrow region called shear band, leading to a self-focusing concentration of plastic strains and catastrophic failure of the material Pan et al., 2011; Schuh et al., 2007) . If an initial notch/crack is introduced, the resulting stress concentration would promote extensive shear banding near the tip region, giving rise to locally enhanced plasticity (Demetriou et al., 2011; Schroers and Johnson, 2004; Schuh et al., 2007) . Considerable research has been devoted to understanding the effect of notches on the strength of BMGs. However, there remain substantial controversies in the literature. As expected by the notion of stress concentration, BMGs usually showed a notch-induced reduction in strength (Flores and Dauskardt, 2001; Henann and Anand, 2009; Varadarajan and Lewandowski, 2010) , with the shear banding regarded as the root cause for fracture. Recently, it has been found that several BMGs in plate geometry exhibit notch insensitive strength, in that the tensile strength is barely affected by a notch (Sha et al., 2013; Qu et al., 2012 Qu et al., , 2014 . Possible enhancement in yielding stress due to the introduction of a notch is rarely reported (Kimura and Masumoto, 1983) , and so far the reason for this inverse notch effect is still unclear. These apparently paradoxical or contradictory findings are calling for a careful investigation of notch-induced mechanical behaviors of BMGs.
The present work attempts to interpret the physical origin of inverse notch effect in a Zr-based BMG subjected to tensile test at room temperature. We will show that, as the stress triaxiality in front of the notch reaches a critical threshold value, the deformation mechanism would switch from a brittle failure mode governed by shear band formation to a ductile failure mode dominated by void nucleation, growth and coalescence, leading to a dramatic enhancement in strength. Such hitherto unknown transition in failure mechanism from shear banding to cavitation helps clarify the numerous conflicting reports on notch effect in BMGs over several decades (Flores and Dauskardt, 2001; Henann and Anand, 2009; Kimura and Masumoto, 1983; Sha et al., 2013; Qu et al., 2012 Qu et al., , 2014 Varadarajan and Lewandowski, 2010) .
Methods

Experiments
BMG with a nominal composition of Zr 64.13 Cu 15.75 Ni 10.12 Al 10 (at%) was prepared by arc-melting mixtures of high purity metals (above 99.9%) in a Ti-gettered high-purity argon atmosphere. Cylindrical samples with a diameter of 5 mm and a length of 75 mm were fabricated by tilt-casting into a copper mold. Notched tensile samples with notch dimensions (notch diameter d Â notch height h) of 2.7 Â 0.45 mm 2 (ND6) and 2.7 Â 2.7 mm 2 (ND1) were produced by gently grinding in a custom-made machine, followed by fine polishing and final cleaning in an ultrasonic bath. The same procedure was adopted to prepare double-notched samples with notch dimensions of 2.7 Â 0.45 mm 2 . In such testing, catastrophic failure occurs at one of the notches. The details of plastic deformation right before fracture was then revealed on the cross section of the surviving notch. Quasi-static tensile tests were carried out at room temperature using an electro-servo-hydraulic system (Instron 8521 machine) with a maximum load of 100 KN at a cross head speed of 0.02 mm/min, corresponding to a constant engineering strain rate of 5 Â 10 À 4 /s in the notched region. An extensometer was attached across the notch to calibrate and measure the elongation during the test. Fracture morphology was examined by SEM (Philips XL30 FEG instrument).
Simulations
Molecular dynamics (MD) simulations were performed on two notched cylindrical pillars of CuZr glass containing a total of about 10,000,000 atoms, as shown in Fig. 1(a) and (b). The notch diameter d was chosen as 30 nm for both samples to prevent necking upon yielding. The notch height h was taken to be 30 nm in ND1 and 5 nm in ND6. The height and diameter of the pillars were both 50 nm. An embedded atom method potential for CuZr was adopted (Mendelev et al., 2007) . The simulation time step was taken to be 1 fs. The glass structure was generated by a melt-quench method. A cubic cell (10,976 atoms) containing 64 at% Copper and 36 at% Zirconium was equilibrated at 2500 K and zero pressure for 200 ps to ensure homogeneity (Nose, 1984) . A quenching rate of 50 K/ns was used to cool the molten system from 2500 K to 1 K. The final dimensions of the cubic cell were measured to be 5.6 Â 5.6 Â 5.6 nm 3 . The cylindrical pillars were constructed from the cubic cell replicas. The as-built pillars were equilibrated for 200 ps before straining. During uniaxial tension, periodic boundary condition was imposed in the axial direction, while the pillar surface in the radial direction is kept free. A constant strain rate of 1 Â 10 8 s À 1 was applied along the axial direction until a maximum of 20% strain was reached. To visualize plastic shearing during deformation, the local shear invariant η
Mises of each atom in the sample was calculated using (Shimizu et al.,
where η and η m are local Lagrangian strain and local hydrostatic strain associated with the atom, respectively. Atoms with a value of η
Mises larger than 0.03 were regarded as atoms in an active shear transformation zone (STZ).
The symmetry of the notched specimens allowed us to use axisymmetric quadrilateral elements in finite element modeling (FEM), as shown in Fig. 1 (c) and (d). Appropriate symmetry conditions were imposed on the boundaries X 1 ¼X 2 ¼0. The system was loaded by applying a uniform displacement of u on the boundary X 2 ¼L, giving a macroscopic logarithmic strain of ln(1þ u/L) along the X 2 direction. The stress-strain relation of the material was assumed to obey the elastic perfectly plastic law:
where E, s y and ε y represent the Young's modulus, yield stress and strain, respectively. The function sign(ε) was defined as follows:
In our simulations, the Young's modulus E, yield strength s y and the Poisson's ratio v of CuZr were taken as 90 GPa, 1.6 GPa and 0.35, respectively. Pressure contours were extracted from the simulations at a logarithmic strain of 8% to evaluate the triaxial stress state in the notched samples. Fig. 2(a) shows the stress-strain curves of the pre-notched specimens ND1 (a shallow-notched sample with d/h ¼1) and ND6 (a deep-notched sample with d/h¼ 6). The insets show scanning electron microscopy (SEM) images of the specimens in the unloaded condition. It can be seen that ND1 reaches a peak stress of 1.6 GPa at about 2% elastic strain and then fails with negligible plasticity, corresponding to a typical brittle failure behavior. For the deep-notched sample ND6, the specimen surprisingly did not fail at a smaller peak stress in a similarly brittle manner, as would be expected from the conventional wisdom about the effect of stress concentration at the notch tip [e.g., Pilkey and Pikey, 2007 gives a stress concentration factor of about 2.5 for ND6]. Rather, the peak stress of ND6 reaches an ultrahigh value of 3.3 GPa, with a substantial portion of the stress-strain curve exhibiting a nonlinear, strain hardening behavior prior to final failure (Wang et al., 2013) . To better illustrate this ultra-strength, we summarize the relationship between fracture strength and Young's modulus for both amorphous and crystalline metals in Fig. 2(b) . It is seen that amorphous alloys commonly possess an average fracture strength about 2% of their Young's modulus, which is higher than those reported for crystalline metals ($ 0.65%) (Inoue et al., 2006; Yuan and Xi, 2011) . In comparison, the fracture strength of ND6 is approaching the theoretical limit (E/30-E/10) of the material.
Results and discussion
To understand the physical origin of the observed inverse notch effect, we studied the deformation and fracture process by examining the fracture surface morphology of the two specimens, as shown in Fig. 3 . It is seen that ND1 fractures at an angle of about 50°with respect to the loading axis [ Fig. 3(a) ]. A radial vein-like pattern with a length scale of 20-50 μm was observed on the flat fracture surface, as revealed by the post-mortem SEM image shown in Fig. 3(b) . The failure plane of ND6 is, however, perpendicular to the loading axis, as shown in Fig. 3(c) . Closer examination of the fracture surface showed that the sample interior is filled with profuse dimples and micro-cracks in an uneven ridge-like pattern [see the inset of Fig. 3   (d) ]. The average size of the dimples is 10-20 μm, much larger than the nanoscale dimple-like structures observed on the tensile fracture surface of brittle BMGs (Xi et al., 2005) . Shear traces were observed outside the dimple zone, indicating direct link-ups between the inner cracks and the notch surface when catastrophic failure occurs. To better understand the details of deformation right prior to the final catastrophic failure, we performed an additional tensile test on a doublenotched specimen (Lewandowski and Greer, 2006) , as shown in Fig. 3(e) , with starter notches having the same dimensions as that in ND6. The double-notched specimen allowed us to capture the near critical state of deformation in the surviving notch after the other notch fails. Numerous micro-cracks with length scales of 10-100 μm were observed in the cross section. Fig. 3(f) shows an enlarged SEM image of a particular crack located at the center of the surviving notch region. It was found that the crack plane is highly serrated, and the dimension of the constituent crack segments is on the order of 0.2-2 μm. It was also seen that the angle between the crack plane and loading direction is roughly 90°, which is completely different from that associated with conventional shear banding. The dimples and micro-cracks observed on the mode I fracture surface in the deep-notched sample ND6 suggest nucleation, growth and coalescence of voids during deformation (Huang et al., 1991; McClintock, 1968; Rice and Tracey, 1969) . To complement the experimental results, we performed large-scale MD simulations to investigate the notch effects at the atomic scale. We considered a simpler binary CuZr MG as there is a current lack of appropriate interatomic potential for the alloy used in our experiments. Despite the simplified model, the simulation results show similar behaviors to our experimental observations. The simulated samples, also referred to as ND1 and ND6, were directly scaled down from the experiments. Note that the notch diameter d is carefully chosen in order to reproduce shear banding failure when the sample is notch-free. Fig. 4(a) displays the simulated stress versus strain curves of the two pre-notched samples, where the tensile stress has been normalized by the cross sectional area of the starter notch. It can be seen that the peak stress of ND6 is approximately 1.27 times larger than that of ND1, in qualitative agreement with our experiments. The quantitative difference between simulations and experiments can be attributed to the fact that, due to its nanoscale size, the sample ND1 in MD simulations already has a strength closer to the theoretical limit, so there is less room for further enhancement compared to that in experiments. Typical deformation patterns of the simulated samples at 15% strain are shown in Fig. 4(b) and (c). It is seen that plastic deformation in ND1 takes place along an inclined band-shaped region characteristic of a dominant shear band. The width of the shear band is approximately 10 nm, in agreement with previous reports (Zhang and Greer, 2006) . On the other hand, deformation in ND6 is controlled by void nucleation and growth at the center of the notched sample. Careful examination of the deformation process revealed that a nanoscale void is formed spontaneously at about 7.5% strain, a process commonly referred to as cavitation. In this way, highly localized shear banding has been replaced by nucleation and growth of voids whose coalescence leads to mode I fracture. It should be mentioned that our simulation did not capture void coalescence owing to the limited sample size.
In view of the above analysis, the physical origin of the seemingly paradoxical inverse notch effect is revealed as a transition from shear banding governed catastrophic failure to void nucleation, growth and coalescence in front of the notch. To develop a theoretical model to rationalize this notch-induced transition in failure mechanism, we first took a look at the stress distribution in the notched specimens. We conducted FEM simulations of the notched BMG specimens under tension. Contours depicting triaxial stress distribution in the notched samples at 8% of tensile strain are shown in Fig. 5  (a) and (b) . Compared to the otherwise uniform distribution in notch-free samples, the triaxial stress in the two notched specimens exhibits a very different pattern. It is seen that the maximum triaxial stress (equivalent to the minimum pressure) occurs at the center of the notch. The intensity of stress concentration is sensitive to the dimension of the starter notch. The maximum triaxial stress of ND6 is roughly 3 times larger than that of ND1. The nucleation, growth and coalescence of voids caused by the strong traixial stress field provide an explanation for the observed deep dimples on the fracture surface in ND6. Similar growth of internal voids in highly constrained metal wires under tension was previously observed by Ashby et al. (1989) .
Based on the above insights, one may understand the transition in failure mechanism by considering the level of stress triaxiality at the center of the notched section of the sample (Bridgman, 1964) :
where s m is the hydrostatic stress and s eq the von Mises equivalent stress, respectively. Eq.
(1) provides a quantitative description of the competition between void formation and shear banding. For the notch-free samples, the logarithmic term in Eq.
(1) equals to zero. In this circumstance, shear banding acts as the dominating deformation and failure mechanism. In the notched samples, s m /s eq increases with d/h. As s m /s eq reaches a threshold value (Fig. 6) defined by s c /s s where s c and s s denote the critical stresses for cavitation and shear localization, respectively, the failure mode would switch from shear banding to nucleation and growth of voids whose coalescence leads to mode I fracture [ Fig. 3(c) ]. Clearly, s c /s s can be a material-dependent parameter. To estimate s c /s s , we performed additional traixial and uniaxial tensile simulations on a sample with dimensions 20 Â 20 Â 20 nm 3 . The calculated value of s c /s s is $ 2.6. It has been recently demonstrated that the Fig. 6 . Inverse notch effect governed by a transition from shear banding to void growth in bulk metallic glasses. This is controlled by the ratio of stress triaxiality, s m /s eq , as a function of the notch dimension, d/h. The stress triaxiality increases with increasing notch dimension. Before reaching the critical value defined by s c /s s (indicated by the horizontal red line), plastic deformation tends to localize in a dominant shear band. The pink window represents the uncertainty due to atomic scale fluctuations. When the stress triaxiality is larger than the critical value, material fails by void growth and coalescence. Note that d/h equals to zero in a notch-free sample. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) atomic scale fluctuation of local mechanical properties could play important roles in the fracture behavior of amorphous alloys (Guan et al., 2013; Murali et al., 2011; Wagner et al., 2011) . Therefore, we carried out a series of triaxial tensile simulations on samples with extremely small dimensions (comparable to the cutoff distance of the potential). The fluctuation was estimated to be on the order of $10%. Since casting defects such as voids are quite common in amorphous alloys (Lee et al., 2010) , we also conducted a series of triaxial tensile simulations on samples with an initial void content (measured by its volume fraction) ranging from 0% to 3.35%. It was found that a void content on the order of 1% could lead to a reduction in cavitation stress on the order of $40%. Taking the above factors into account, we calculated the critical stress triaxiality s c /s s to be $ 1.4. Based on Eq.
(1), sample ND1 has a stress triaxiality of 0.74 which is lower than s c /s s , hence expected to fail by shear localization, as shown in Fig. 3 (a) and (b). On the other hand, the stress triaxiality of sample ND6 is 1.72, larger than the threshold value set by s c /s s , which explains the dimple associated mode I fracture shown in Fig. 3 (c) and (d).
BMGs usually exhibit quasi-brittle tensile behavior due to shear banding induced catastrophic failure Pan et al., 2011; Schuh et al., 2007) . The deep notch in ND6 leads to a much reduced effective shear stress in front of it (Brown, 1954; Flores and Dauskardt, 2001) , effectively hindering the activation and propagation of shear band. In this state, the material is able to continuously deform (see Supplementary Movie recording the large elongation of the deep notch in ND6 before fracture) until spontaneous void nucleation occurs at a sufficiently high triaxial stress state, possibly with the aid of pre-existing casting defects. Upon further straining, the continuous growth and coalesce of voids lead to mode I cracks, as evidenced by the observed dimples and micro-cracks on the fracture surface [the inset of Fig. 3(c) and (d) ]. Once reaching the critical size, the micro-cracks would link up with the surface and shear off. The observed micro-cracks are highly serrated and may interact with each other as the deformation proceeds along the nonlinear stress-strain curve shown in Fig. 2(a) (Gludovatza et al., 2013) . Our theoretical model suggests that a change in the chemical composition of BMG corresponds to a change of the threshold value s c /s s , and thus may require a different threshold value of stress triaxiality for the brittle-to-ductile transition. We could thus speculate that previous studies in the literature did not cover a sufficient level of stress triaxiality and therefore missed the inverse notch effect and the associated transition in failure mechanism in BMGs (Flores and Dauskardt, 2001; Henann and Anand, 2009; Qu et al., 2012 Qu et al., , 2014 Varadarajan and Lewandowski, 2010) . Fig. 7 shows representative experimental data summarizing different types of notch effect in metallic glasses reported in the literature, including positive notch effect in cylindrical samples (Flores and Dauskardt, 2001) , notch insensitivity in notched plate samples (Qu et al., 2012 (Qu et al., , 2014 and inverse notch effect in cylindrical samples (Kimura and Masumoto, 1983) . For comparison, we also plot our current data, including ND1, ND6 and two additional notched specimens with intermediate notch dimensions, ND2.3 and ND4, as well as the notch-free case ND0. Similar behaviors have also been observed in other materials systems (Farbaniec et al., 2013; Kondori and Benzerga, 2014; Pineau, 2006; Sobieraj et al., 2005) .
Conclusions
We have provided an explanation for the inverse notch effect in a Zr-based BMG by relating the strength increase to a transition in failure mechanism from shear banding to cavitation caused by a sufficiently high triaxial stress state. Our results help explain the seemingly conflicting results in the literature on notch effects in BMGs. It should be pointed out that a simple integration of the stress-strain curves [ Fig. 2(a) ] implies that there is a 15 fold increase in the energy absorption capability of ND6 before fracture compared to that of ND1, suggesting that appropriate design of macrostructure may considerably enhance the capability of BMGs to withstand potential impact or shock loading in service (Sarac and Schroers, Fig. 7 . Representative experimental data illustrating the different types of notch effect in metallic glasses, including the positive notch effect in cylindrical samples (Flores and Dauskardt, 2001) , notch insensitivity in plate samples (Qu et al., 2012 (Qu et al., , 2014 and inverse notch effect observed previously (Kimura and Masumoto, 1983) and in the present study. Here, the normalized fracture strength is defined as the ratio of the fracture strength of the notched sample to that of the sample without notch.
2013; Sarac et al., 2014) . Therefore, the present work suggests that it may be necessary to reinterpret or re-examine some of the previous results on fracture toughness in monolithic BMGs, as pre-existing notches are widely adopted in fracture toughness tests (Demetriou et al., 2011; He et al., 2012; Schroers and Johnson, 2004; Xu et al., 2010) . Based on our analysis, a deep notch might trigger cavitation and void coalescence far away from the notch in some BMGs, while the same notch might promote shear banding around the tip of the notch in other BMGs. Therefore, the fracture toughness data measured from different fracture testing techniques on various BMG geometries should be examined with care before comparison.
